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F =

{
M(x, y) =

(
x y

0
1
x

)
∈ M2(R)/(x, y) ∈ R∗ × R

}
: �é«ñ �Òj. ÖÏ @ F 	áº�JË

(M2(R),×) 	áÓ Q�®.�J�Ó �Z 	Qk. F 	à@ 	á�
J. 	JË (
�

@ - 1

A�	JK
YË F 	áÓ M(a, b) ð M(x, y) 	áº�JË

M(x, y)×M(a, b) =

(
x y

0
1
x

)
×

(
a b

0
1
a

)
=


 xa xb +

y

a

0
1
xa




= M(xa, xb +
y

a
)

(M2(R),×) 	áÓ Q�®.�J�Ó �Z 	Qk. F é 	JÓ ð
�éJ
ËXAJ. �K Q�
 	« �èQÓ �	P (F,×) 	à

�

@ 	á�
J. 	JË (H.

F ú

	̄ ù
 ªJ
Òm.�

�' × 	àA
�
	̄
M2(R) ú


	̄ ù
 ªJ
Òm.�
�' × ð (M2(R),×) 	áÓ Q�®�J�Ó �Z 	Qk. F 	à

�

@ A �Üß. (1)

F ú

	̄ × È �éJ.� 	�ËAK. F ú


	̄ YK
AjÖÏ @ Qå� 	JªË@ I = M(1, 0) ∈ F A�	JK
YË (2)

F ú

	̄ × È �éJ.� 	�ËAK. éË É�KAÜ�Ø M(

1
x

,−y) ÉJ. �®K
 F 	áÓ M(x, y) Qå�	J« É¿ (3)

: 	XA �	��Ó ÈA
��JÓ A�	JK
YË , F ú


	̄ ú
ÍXAJ. �K Q�
 	« × (4)

M(1, 1)×M(2, 3) =
(

1 1
0 1

)
×

(
2 3

0
1
2

)
=




2
7
2

0
1
2




M(2, 3)×M(1, 1) =

(
2 3

0
1
2

)
×

(
1 1
0 1

)
=

(
2 5

0
1
2

)
ð

M(1, 1)×M(2, 3) 6= M(2, 3)×M(1, 1) é 	JÓ ð

(F,×) 	áÓ �éJ

K� 	Q �k. �èQÓ �	P G 	à
�

@ 	á�
J. 	JË G = {M(x, 0) ∈ F/x ∈ R∗} 	áº�JË - 2

I ∈ G 	à
�

B G 6= ∅ A�	JK
YË (1)

M(x, 0)×M(a, 0)−1 = M(x, 0)×M(
1
a
, 0) = M(

x

a
, 0) : A�	JK
YË R∗ 	áÓ a ð x 	áºJ
Ë (2)

E = R∗ × R. 	áºJ
Ë - 3

∀(x, y) ∈ E, ∀(a, b) ∈ E : (x, y)⊥(a, b) = (xa, xb +
y

a
) ⊥ ú
Î

	g@YË@ I. J
»Q��Ë @ 	àñ�	KA �®K. E Xð �	Q 	K
φ : (F,×) 7→ (E,⊥)
M(x, y) 7→ (x, y)

: ��J
J.¢�JË @ Q�. �Jª 	K

(1, 1)⊥(2, 3) = (2,
7
2
) ð (2, 3)⊥(1, 1) = (2, 5) (

�

@

A�	JK
YË ; F 	áÓ 	áK
Qå� 	J« M(a, b) ð M(x, y) 	áº�JË : É¿ A ���� φ 	à@ 	á�
J. 	JË (1) (H.
(

�

@ (1 H. @ñm.Ì'@ I. �k : φ(M(x, y)×M(a, b)) = φ(M(xa, xb +

y

a
))

�éJ
 	K A�K �éêk. 	áÓ ½Ë 	Y» A�	JK
YËð
é 	JÓð : φ(M(xa, xb +

y

a
)) = (xa, xb +

y

a
) = (x, y)⊥(a, b) = φ(M(x, y)⊥φ(M(a, b))

φ(M(x, y)×M(a, b)) = φ(M(x, y)⊥φ(M(a, b))
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: ÉK. A �®�K φ 	à@ 	á�
J. 	JË (2)

φ(M(x, y)) = (x, y)
��IJ
m�'. F 	áÓ M(x, y) �èYJ
kð �é 	̄ñ �	®�Ó XY� m�'
 E 	áÓ (x, y) h. ð 	P É¿

�èQÓ �	P (E,⊥) 	à 	X@
� ,
�éK
Q��. m.Ì'@ �éJ
 	�J. Ë @ � 	® 	K A �ÒêË (F,×) ð (E,⊥) 	à@ �i. �J 	J���	� ��K. A�Ë@ È@ 
ñ ��Ë@ 	áÓ (h.�éJ
ËXAJ. �K Q�
 	«

.

�é������K
Y�®ªË@ X@Y������«
�

B@ : ú


	GA�JË @ 	áK
Q����������Ò�JË @

m 6= 1 �IJ
m�'.
��ø
 Y�®« �X �Y« m

: (E) : z2 − (1− i)(1 + m)z − i(m2 + 1) = 0 �éËXAªÖÏ @ C �é«ñÒj. ÖÏ @ ú

	̄ Q�. �Jª 	K −I

∆ = [(1 + i)(m− 1)]2 	à
�

@ 	áÓ �� ��®j�J 	JË(

�

@ −1

∆ = [(1− i)(1 + m)]2 + 4i(m2 + 1) A�	JK
YË
	àA
�

	̄ (1 + i)2 = 2i ð (1− i)2 = −2i 	à
�

@ A �Üß.

∆ = 2i(m2 − 2m + 1) = (1 + i)2(m− 1)2 = [(1 + i)(m− 1)]2

(E) �éËXAªÖÏ @ C ú

	̄ Éj	JË (H.

ð z1 =
(1− i)(1 + m)− (1 + i)(m− 1)

2
= 1− im : A �Òë 	á�
Êg ÉJ. �®�K E

z2 =
(1− i)(1 + m) + (1 + i)(m− 1)

2
= m− i

z1z2 = 1 ⇔ (1− im)(m− i) = 1 ⇔ −i(m2 + 1) = 1 (h.
⇔ m2 + 1 = i ⇔ m2 = −1 + i

: �éJ
ËA�JË @ (S) �éÒ 	¢	JË @ Zú

	̄ A¾�K iJ.��� m2 = −1 + i

�éK
ðA���ÖÏ @ m = x + iy © 	�	�

	àA
�
	̄ �èPA ��B� @ � 	® 	K A �ÒêË y ð x 	à

�

@ A �Üß. (S) ⇔





x2 − y2 = −1
x2 + y2 =

√
2

2xy = 1
⇔





x2 =
√

2− 1
2

y2 =
√

2 + 1
2

2xy = 1

m = −[

√√
2− 1
2

+ i

√√
2 + 1
2

] ð
�

@ m =

√√
2− 1
2

+ i

√√
2 + 1
2

: A�	JK
YË ,
π

2
< θ < π ð m = eiθ �éËAg ú


	̄ −2

ð z1 = 1− im = 1 + e
i(θ−

π

2
)
= e

i(
θ

2
−

π

4
)
(e
−i(

θ

2
−

π

4
)
+ e

i(
θ

2
−

π

4
)
) = 2 cos(

θ

2
− π

4
)e

i(
θ

2
−

π

4
)

é 	JÓð 0 <
θ

2
− π

4
<

π

2
	àA
�

	̄ π

2
< θ < π 	à

�

@ A �Üß.

z1 = 2 cos(
θ

2
− π

4
)
(

cos(
θ

2
− π

4
) + i sin(

θ

2
− π

4
)
)

z2 = m− i = eiθ + e
−i

π

2 = e
i(

θ

2
−

π

4
)


e

i(
θ

2
+

π

4
)
+ e

−i(
θ

2
+

π

4
)



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é 	JÓð π

2
<

θ

2
+

π

4
< π 	àA
�

	̄ π

2
< θ < π 	à

�

@ A �Üß. ð

z2 = 2e
i(

θ

2
+

3π

4
)

cos(
3π

4
− θ

2
) = 2 cos(

3π

4
− θ

2
)
(

cos(
θ

2
+

3π

4
) + i sin(

θ

2
+

3π

4
)
)

M2(z2) ð M1(z1) , M(m) ¡�®	JË @ Q�. �Jª 	K II

ø

�

@ 1− im−m

−i
∈ R ø


�

@ z1 −m

z2 −m
∈ R 	àA¿ @ �	X @
� ¡�® 	̄ð @ �	X @
�

�éJ
Ò�®�J�Ó M2,M1,M ¡�®	JË @ 	àñ
�
º�K 1

i + m− im ∈ R
M2,M1,M

�IJ
m�'. M ¡�®	JË @ �é«ñ �Òm.× é 	JÓð (x, y ∈ R, (x, y) 6= (1, 0)) ©Ó m = x + iy © 	�	�
é�JËXA �ªÓ Õæ


�®�J�Ó ø
 @ 1 + y − x = 0 ø
 @ i + x + iy − i(x + iy) ∈ R ���®� m��' ú

�æË@ ù
 ë �éJ
Ò�®�J�Ó

A(1, 0) �é¢�® 	JË @ 	áÓ ÐðQm× 1 + y − x = 0

z′ = 1− iz �IJ
m�'. M ′(z′) ð M(z) 	áº�JË (
�

@ −2

é 	JÓð ω = 1− iω ⇔ ω =
1
2
− i

2
���®� m�'
 ω A�ê �®mÌ �èYÓA� �é¢�® 	K ÉJ. �®K
 R ÉK
ñj�JË @ A�	JK
YË

∀z ∈ C, z 6= ω,
z′ − ω

z − ω
= −i. é 	JÓ ð z′ = 1− iz ⇔ z′ − ω = −i(z − ω)

	àX@
�
(−−→
ΩM,

−−→
ΩM ′

)
≡ −π

2
[2Π]ΩM ′ = ΩM. 	àA i. �J 	J���	� ω =

1
2
− i

2
��j� Ê

�
Ë @ �H@ 	X �é¢�® 	JË @ Ω 	áº�JË

−π

2
é�JK
ð@ 	P �AJ
�̄ ð Ω è 	Q»QÓ 	à@PðX R

m = x + iy, © 	�	� (H.
z2 − z1

z2 −m
∈ IR⇔ m− i− 1 + im

m− i−m
∈ IR⇔ i(x + iy − i− 1 + ix− y) ∈ IR

⇔ −y + 1− x = 0 ⇔ Re(m) + Im(m) = 1

�èQ
K� @X Yg. ñ�K é 	JÓð Ω ú

	̄ �éK
ð@ 	QË @ Õç
'� A

�̄ ΩMM1
�IÊ�JÖÏ @ é 	JÓð z1 = 1− im ⇒ R(M) = M1 A�	JK
YË (h.

. ΩMM1
�IÊ�JÖÏ AK.�

�é¢�J
jÖÏ @ �èQ
K� @YË @ ù
 ë ð , A�îD
	̄ Q¢�̄ [MM1] �IJ
m�'. Ω ð M,M1
	áÓ QÖ �ß �èYJ
kð (C)

ú

	̄ �éK
ð@ 	QË @ Õç
'� A

�̄
M2MM1 Z�ú


	̄ A¾K
 M2 ∈ (C) Z�ú

	̄ A¾K
 �èPð@Y�JÓ M2 ð Ω,M, M1 ¡�®	JË @ 	àñº�K é 	JÓ ð

z2 − z1

z2 −m
∈ IR Z�ú


	̄ A¾K
 arg(
z2 − z1

z2 −m
) ≡ ±π

2
[2π] Z�ú


	̄ A¾K

(−−−→
M2M,

−−−−→
M2M1

)
≡ ±π

2
[2Π] Z�ú


	̄ A¾K
 M2

Re(m) + Im(m) = 1 ��K. A�Ë@ È@ 
ñ ��Ë@ �I. �k Z�ú

	̄ A¾K


é�JËXAªÓ ø

	YË@ Õæ


�®��J�ÖÏ @ ù
 ë �èPð@Y�JÓ M2 ð Ω,M, M1
���®� m��' ú


�æÊ
�
Ë @ M(m) ¡�®	JË @ �é«ñÒm.× 	à 	X@
�

A(1, 0) �é¢�® 	JË @ 	áÓ ÐðQm× : x + y − 1 = 0

.

�HAJ
���������������K. A����mÌ'@ : �IËA�JË @ 	áK
Q����������Ò�JË @

an = 2n + 3n + 6n − 1 : ©���� 	�	� N∗ 	áÓ n É¾Ë

ú
k. ð 	P X �Y« an N∗ 	áÓ n É¾Ë é 	K @ 	áÓ ������®����j�J 	JË (
�

@ 1

2 ≡ 0[2] ⇒ ∀n ∈ N∗, 2n ≡ 0[2]

3 ≡ 1[2] ⇒ ∀n ∈ N∗, 3n ≡ 1[2]
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6 ≡ 0[2] ⇒ ∀n ∈ N∗, 6n ≡ 0[2]

∀n ∈ N∗, an = 2n + 3n + 6n − 1 ≡ 1− 1 ≡ 0[2] é 	JÓð
ú
k. ð 	P X �Y« an N∗ 	áÓ n É¾Ë 	à 	X@
�

2 ≡ −1[3] ⇒ ∀n ∈ N∗, 2n ≡ (−1)n[3] an ≡ 0[3] A�êÊg. @ 	áÓ 	àñºK
 ú

�æË @ n Õæ


�̄ XY�
�j�	JË (H.

3 ≡ 0[3] ⇒ ∀n ∈ N∗, 3n ≡ 0[3]

6 ≡ 0[0] ⇒ ∀n ∈ N∗, 6n ≡ 0[3]

ú
k. ð 	P X �Y« n 	àA¿ @ �	X @
� ¡�® 	̄ð @ �	X @
� ∀n ∈ N
∗, an = 2n + 3n + 6n − 1 ≡ (−1)n − 1 ≡ 0[3] é 	JÓð

p > 3 �IJ
m�'. A�J
Ëð
�

@ @ �X �Y« p 	áºJ
Ë −2

(Fermat) �é 	J �ëQ�.Ó �I. ��k é	KA
�
	̄

p Z 6 = 1 ð p Z 2 = p Z 3 = 1 	àA
�
	̄ ú
Íð

�

@ p ð p > 3 	à

�

@ A �Üß. (

�

@

6p−1 ≡ 1[p] ð 2p−1 ≡ 1[p], 3p−1 ≡ 1[p]

	à@ i. �J 	J���	� ��K. A�Ë@ È@ 
ñ ��Ë@ 	áÓ 6ap−2 = 3× 2p−1 + 2× 3p−1 + 6p−1 − 6 A�	JK
YÊ(K.
6ap−2 = 32p−1 + 23p−1 + 6p−1 − 6 ≡ 3 + 2 + 1− 6 ≡ 0[p]

p/ap−2 (GAUSS) �é 	J �ëQ�.Ó �I. �k 	àA
�
	̄

p Z 6 = 1 	à
�

@ A �Üß. ð p/6ap−2 é 	JÓð

A�J
Ëð
�

@ @ �X �Y« q 	áºJ
Ë (h.

n = k é 	JÓð ak Z q = q ð ∀kN∗, q/ak (
�

@ −1 È@ 
ñ ��Ë@ 	áÓ q = 2 : I

�éËAmÌ'@
n = 2k é 	JÓð a2k Z q = q ð ∀kN∗, q/a2k (H. −1 È@ 
ñ ��Ë@ 	áÓ q = 3 : II

�éËAmÌ'@
n = q − 2 é 	JÓð aq−2 Z q = q ð q/aq−2 (H. −2 È@ 
ñ ��Ë@ 	áÓ q > 3 : III

�éËAmÌ'@

.

É��������J
Ê������j�JË @ : �éË
�

A�Ó

	àA¿ @ �X@
� : fn(x) = x(1− ln(x))n ú
ÎK
 A �Üß. �é 	̄QªÖÏ @ fn : [0,+∞[7→ R �éË @YË@ Q�. �Jª 	K N∗ 	áÓ n 	áºJ
Ë
fn(0) = 0 ð x > 0

(O;~i,~j) Ñ 	¢	JÜ�Ø YÓAª�J �Ó ÕÎª�Ó ú

	̄ A �ëA 	Jj	JÓ (Cn)

È �ðB@ Z 	Q�m.Ì'@

Q 	®�Ë@ ú

	̄ 	á�
ÒJ
Ë @ ú

�
Î �« fn ÈA���@
� (

�

@ −1

fn(0) = lim
x→0+

fn(x) 	à@ 	á�
J. 	JË
ú

�
Î �« É�m� 	' tn = x © 	�ñK.

lim
t→0+

tln(t) = 0 	à
�

B lim

x→0+
fn(x) = lim

t→0+
tn(1− nln(t))n = lim

t→0+
(t− ntln(t))n = 0 = fn(0)
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Q 	®�Ë@ ú

	̄ 	á�
ÒJ
Ë @ ú

�
Î �« fn

��A�®�J� ��@ �é�J
ÊK. A�̄ (H.
lim

x→0+

fn(x)− fn(0)
x− 0

I. �j	JË
Q�
 	« fn

	à 	X @
� lim
t→0+

−ln(t) = +∞ 	à
�

B lim

x→0+

fn(x)− fn(0)
x− 0

= lim
x→0+

(1− ln(x))n = +∞ A�	JK
YË
Q 	®�Ë@ ú


	̄ 	á�
ÒJ
Ë @ ú
�
Î �« ��A�®�J� ��C
� Ë�

�éÊK. A�̄

lim
x→+∞

f1(x)
x

= lim
x→+∞(1− ln(x)) = −∞ lim

x→+∞ f1(x) = lim
x→+∞x(1− ln(x)) = −∞ (h.

lim
x→+∞

f2(x)
x

= lim
x→+∞(1− ln(x))2 = +∞ lim

x→+∞ f2(x) = lim
x→+∞x(1− ln(x))2 = +∞

f1
�H@Q�
 	ª�K (

�

@ −2

∀x > 0, f ′1(x) = 1− ln(x)− 1 = −ln(x) ð R∗+ ú
�
Î« ��A�®�J� ��C
� Ë�

�éÊK. A�̄ f1 A�	JK
YË
f1

�H@Q�
 	ª�K ÈðYg.

x 0 1 +∞
f ′1(x) ‖ + 0 −
f1(x) 0 ↗ 1 ↘ −∞

f2
�H@Q�
 	ª�K (H. −2

ð R∗+ ú
�
Î« ��A�®�J� ��C
� Ë�

�éÊK. A�̄ f2 A�	JK
YË
∀x > 0, f ′2(x) = (1− ln(x))2 − 2x

1
x

(1− ln(x)) = (ln(x)− 1)(1 + ln(x))

x 0 e−1 e +∞
f ′2(x) ‖ + 0 − 0 +
f2(x) 0 ↗ 4e−1 ↘ 0 ↗ +∞

: (C2) ð (C1) È ú
�
æ.�

	�Ë @ © 	�ñË@ �é�@PX (
�

@ −3

∀x ∈ R∗+, f1(x)− f2(x) = x(1− ln(x)(1− 1 + ln(x)) = xln(x)(1− ln(x))

x 0 1 e +∞
f1(x)− f2(x) 0 − 0 + 0 −
ú
�

æ.�
	�Ë @ © 	�ñË

�
@ C1

��ñ 	̄
C2 C2

��ñ 	̄
C1 C1

��ñ 	̄
C2
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ú

	GA�JË @ Z 	Q�m.Ì'

�
@

∀x ≤ 0, F (x) =
∫ 1

ex

f1(t)
1 + t2

dt :
��IJ
m�'. F

�éË @YË@ Q�. �Jª 	K −1

ð ]−∞, 0[ ú
�
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